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Abstract We review the geodesic motion of pseudo-classical spinning particles in curved
space. We describe the generalized Killing equations for spinning spaces and express the
constants of motion. We apply the formalism to solve for the motion of a pseudo-classical
Dirac fermion in NUT-Taub spinning space and analyze the motion on a cone and on a plane.
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1 Introduction

Spinning particles, such as Dirac fermions, can be described by pseudo-classical mechan-
ics model involving anti-commuting Grassmann variables {* for the spin degrees freedom
[1-9]. The configuration space of the theory, called spinning space, is an extension of a
(pseudo-)Euclidean manifold, described by local (real) coordinates {x*}, to a graded mani-
fold described by local graded coordinates {x*, ¥**}. Geodesic flow along time-like curves
of such a graded manifold with Minkowskian signature (+———) describes the classical
limit of the motion of a relativistic point-like particle, which carries a spin s = //2 in quan-
tum mechanics.

Generalizations of Riemannian geometry based on anti-commuting variables have been
proved to be of wide mathematical interest. For example, supersymmetric point particle
mechanics have found applications in the area of index theorem, while the BRST methods
are widely used in the study of topological invariants. For these reasons the study of the
geometry of graded pseudo-manifold with the coordinates {x*, {*} is well motivated.

In this paper we investigate the motion of a pseudo-classical spin—% particle in the NUT-
Taub space which is a stationary and axisymmetric solution of Einstein’s empty space equa-
tion. The similarity between the group structure for the NUT symmetry and the group struc-
ture for spherical symmetry leads to the interpretation that the NUT-Taub metric corresponds
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to a vacuum cosmological-like solution with periodic time. According to this identification,
the NUT-Taub space admits peculiar properties [10, 11]: it does not admit an interpretation
without a periodic time coordinate, has no reasonable space-like surface, and is an asymp-
totically zero curvature space which apparently does not admit asymptotically rectangular
coordinates.

The linearized Einstein equations for the NUT-Taub metric are analogous to the case in
electromagnetism of a semiinfinite magnetic solenoid or a magnetic monopole. This means,
the NUT-Taub metric is a particle-like solution whose spherically symmetric source has both
ordinary mass and “magnetic-like” mass.

The NUT-Taub space has the metric [12]

1
ds®> = —U(dt — 2ncos0dp)® + Edrz + (r2 4+ n?)(dO* + sin® 0dp?), 1)
where
2 2

M is the ordinary mass of the source and #n is the NUT parameter, has the identification of
the gravitational “magnetic” mass or magnetic monopole [12—16]. In the limit that n = O the
NUT-Taub metric reduces to the Schwarzschild metric.

For a nonzero n the vanishing of dt.g,, in (1) identifies the singularities at & = 0 and
6 = m. Because of this axial singularity the metric admits different physical interpretations.
Misner [10, 11] introduced a periodic time coordinate to remove the singularity; but this
makes the metric an uninteresting particle-like solution. To avoid a periodic time coordinate,
Bonnor [17] removed the singularity at 6 = 0 and related the singularity at 6 =7 to a
semiinfinite massless source of angular momentum along the axis of symmetry. This is
analogous to representing the magnetic monopole in electromagnetic theory by semiinfinite
solenoid [18]. The singularity along z-axis is analogous to the Dirac string.

The NUT-Taub metric possesses properties similar to both the Schwarzschild and the
Kerr metrics. Like the Kerr and Schwarzschild, the NUT-Taub space is Petrovtype D and
has a Killing horizon at ro = M + ~/M? + n?. Like the Schwarzschild metric, the single
nonvanishing Riemann curvature scalar is spherically symmetric. Also the NUT-Taub space,
like the Schwarzschild space, admits a four parameter group of motion with three space-like
generators having the same commutator algebra as do the generators for angular momentum.

The NUT-Taub metric (1) is Kerr-like in regard to that it has a crossed spacetime metric
component g,, which generates gravimagnetic effects. In the Kerr metric the cross term
breaks spherical symmetry and produces an ergosphere and frame dragging. On the contrary,
the cross term in (1) does not generate ergosphere, but it does produce an effect similar to
the dragging of inertial frames. Moreover, although the cross term in (1) singles out the z-
axis and appears to break spherical symmetry, the space components of the geodesics as a
function of proper time are spherically symmetric. However, the geodesic coordinate time
component is not spherically symmetric. Since the time component is dependent on the
orientation of the “Dirac string”, we say that the geodesics are only “almost” spherically
symmetric. This suggests that the energy of the “Dirac string” makes contribution to the
solution.

The NUT-Taub space, as was suggested by McGuire and Ruffini [19], admits no di-
rect physical interpretation. It is sometimes considered as unphysical. Our study of pseudo-
classical spin-% particles in such a peculiar space is interesting.
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The organization of this paper is as follows. In Sect. 2 we give a brief account of the
relevant equations for the motion of spinning particles in curved spaces. The generalized
Killing equations for spinning spaces are analyzed and the constants of motion are derived
in terms of the solutions of these equations. In Sect. 3 we investigate the motion of pseudo-
classical spinning particles in the NUT-Taub space. We examine the generalized Killing
equations for this spinning space and derive the constants of motion in terms of the Killing—
Yano tensors. In Sect. 4 we solve the equations derived in the previous section for special
case of motion on a cone and on a plane. Finally, in Sect. 5 we present our concluding
remarks.

2 Symmetries of Spinning Space

Spinning spaces are graded extensions of ordinary Riemannian manifolds; the additional
fermionic dimensions are parametrized by vectorial Grassmann coordinates ¥*. This type
of extension generates a SUSY in the geometry of the graded manifold, which acts on the
coordinates as

Sxl = —ieyt, Syt =eit, 3)

where the dot denotes a derivative with respect to proper time and the infinitesimal parameter
€ of the transformation is Grassmann-odd.
The geodesic for the spinning space can be obtained from the action,

2 1 . D v
5= /1 dr(igw(x)x“xw%gw(x)w 44 ) 4)

where the covariant derivative of ¥* is defined by

D+
Dt

=¢“+)&XFA’CW”. 5)

The equations of motion of the theory can then be cast in the form

DDZ;‘: T O —%il/fwﬂRmvx”, 6)
The antisymmetric tensor
S = —iyty” ®)

can formally be regarded as the spin-polarization tensor of the particle. Equation (6) then
implies the existence of a spin-dependent gravitational force

D2xH I . w oy
D—ﬂZES RFox”, 9

while (7) asserts that the spin is covariantly constant:

DS[[U
Dr =0. (10)
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The space-like components S/ are proportional to the particle’s magnetic dipole moment,
while the time-like components S’ represent the electric dipole moment. The electric di-
pole moment for free Dirac particles vanishes in the rest frame. This gives the covariant
constraint [20]

gui(x)S"i* =0, (11)

which in the Grassmann coordinates takes the form

guu(x))?“lﬁ”=0- (12)

Let the variations

[o¢]
1
Sxt = RM(x, %, ) = RV 0o, ) 4 ) — - & R (e, o),
n! Lt
o | (13)
Yt = S"(x, £, 9) = SO (x, Y) + Y — &AW (x, )
n' 1 n

n=1 """

leave the action (4) invariant modulo boundary terms. The Lagrangian transforms into a total
derivative

2 .
8S:/ dri<8x”pﬂ—lSW“gﬂuwv—J(LxJ/f)), (14)
1 dt 2

where
i .
PMZHM-FEFWAWW, H/L:guvxu’ (15)
Py is the canonical momentum conjugate to x*, and I7, the covariant momentum. If the
equations of motion are satisfied, it follows from Noether’s theorem that the quantity 7 is a
constant of motion.
For any constant of motion 7 (x, 7, ) the bracket with the world-line Hamiltonian

1
H= ng”nunv (16)
vanishes:
{H,J}=0 amn
for the Poisson—Dirac brackets defined by
G oF oF oG . ur OF 0G
{(F,G}=D,F — — —D,G — Ry — +i(—1)F —_—, (18)
orr, oIl oI1, 911, AYH Yt
where
D=+ I T, — — iy 2 R—i"AR 19
"= u+ i Aa—m_ w B—Wa uv—Eww KAV s ( )
and ay is the Grassmann parity of F: ar = (0, 1) for F =(even, odd).
With the expansion
N
T = Z aj( YL Yy, - 11, (20)

n=0
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Equation (17) yields the generalized Killing equations [7, 9]
0.7 i
(n) (g pn K K (n+1) v
D(#n+1j,u1---;/_n) + a}:/;,(# FH;H-I))» w)\ = Ew WARK)LV(HU-H‘Z“---}L") ’ 2

where the parentheses denote full symmetrization with norm one over the indices enclosed.
In general, spinning spaces can have two types of symmetries; firstly, there are four in-
dependent generic symmetries which exist in any theory:

(i) Proper-time translations generated by the Hamiltonian H (16);
(i) SUSY generated by the supercharge

Q=" (22)
(iii) Chiral symmetry generated by the chiral charge

l[d/2]

L= \/_Em g WY (23)

(iv) Dual SUSY generated by the dual supercharge
) il4/21
Q* =i{l, Q) = = 1),\/’% g T2 ey (24)
where d is the dimension of the space.

The condition for the absence of an intrinsic electric dipole moment of physical fermions
(Ieptons and quarks) as formulated in (12) gives

0=0. (25)

However, to keep the presentation in the following as general as possible, we shall not fix
the value of the supercharge.

The second kind of symmetries, called nongeneric SUSYs, depend on the explicit form
of the metric g,,(x) [6, 21] and is generated by the phase-space function

Q=71 +7J7, (26)
where 7@V (x, ¥) are independent of IT. This charge generates the SUSY transformation
Sxt = —ieft ¢ = —ie T DX, 7

Greek and Latin indices refer to world and Lorentz indices, respectively, and are converted
into each other by the vielbein e, “(x) and its inverse e/, (x). Substitution of (26) into the
generalized Killing equations (21) gives

TV, y) = —Cabc(xw vy, (28)

where

Cabe = _2D[afb(fjs Dufva + vap.a =0, (29)
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the square brackets denote full antisymmetrization with norm one over the indices enclosed.
If there exists N such symmetries specified by N sets of tensors (f", ciape)s i =1,..., N,
the corresponding generators will be

Qi = fl M.y + %Ciabc(x)wawbwc. (30)

Obviously, for f#, = e*, and c 5. = 0, the supercharge (22) is precisely of this form. Hence,
the choice i =0: Q = Qo, e*, = f,. etc., gives the quantities defining the standard SUSY.
The conserved charges Q; give the algebra

{Qi, 0} =-2izZ;;, 3D
where
1 o n
Zij:EKij H,LHU+Iin,L+Gij, (32)
and
122 1 " rva v na
K,'j =§( iufj +f,'afj )s (33)
1 1 a1 byn
I;; = E“/’ Vo
1- a.r.b v 12 v 1 1 mue 1 Hne
:Elw ) f,‘hDu ja+fijv<ia+§fi Cjabc+§fj Ciabe |» (34)

__l aybpcde
Gl./ - W ‘/’ lp W Gl_/abcd

4
1 ab.gcod n pv 1 e
= _Zw W lﬁ W Rp.vah ,‘ijd + Eciah Cjcde |- (35)

The K;;,, is a symmetric Killing tensor of second rank:
D Kijuy =0, (36)

while Ii‘; is the corresponding Killing vector:

1. u 1. u
Didijvy = ?‘/f YD Lijvyan = Enﬂ VP Rupu Kijny 37

and G;; the corresponding Killing scalar:

1 ” 1 o 1.a
DyGij == ¥ VYV DuGijared = S0 V" R I (38)

The functions Z;; satisfy the generalized Killing equations. Hence their brackets with the
Hamiltonian vanish and they are constants of motion, dZ;;/dt = 0. For i = j =0, (31)
reduces to the usual SUSY algebra

{0, 0} =-2iH. (39
@ Springer
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When i or j is not equal to zero, Z;; correspond to new bosonic symmetries, unless
K" = rajg"’, with Ay a constant (may be zero). Then the corresponding Killing vec-
tor Ii’; and scalar G;; disappear identically. Further, the supercharges for A(;;) # 0 close on
the Hamiltonian and hence there exists a second SUSY of the standard type. Thus the the-
ory admits an N-extended SUSY with N > 2. Again, if there exists a second independent
Killing tensor K*" not proportional to g"”, there exists a genuine new type of SUSY.

The quantity Q; is a superinvariant

{0, 0}=0 (40)
for the bracket (18), if and only if
Ky = free’ + fr.et =0. 41)
Then the full constants of motion Z;; can be constructed directly by repeated differentiation
of f*, [6].
Since Z;; are symmetric in (ij) we can diagonalize them and obtain the algebra

{Qi, Q) =—2i;;Z;, (42)

where Z; are N + 1 conserved bosonic charges of which the first one is the Hamiltonian:
Zo=H.
3 Motion in NUT-Taub Spinning Space

The NUT-Taub space, described by the metric (1) has an isometry group SU(2) x U(1). The
four Killing vectors are

D@ = R(a)uaw a=0,...,3, 43)
or explicitly
d 0 d d
PO=2 DO = _sing— —cothcosp—— + 2ncoth cosg—,
Py sing =2 — co cosgoa¢ ncot cos g
D® = cos 9 cotd sin 2 + 2n cot sin 9 (44)
% Y0 Yor
d d
D® = _— 4+ 2n—.
%) ot

D@ which generates the U (1) of ¢ translation, commutes with the other Killing vectors.
The remaining three vectors, corresponding to the invariance of the metric (1) under spatial
rotations (o = 1, 2, 3), obey an SU(2) algebra with

(DD, DV =k p® (i j k=1,2,3). (43)

This is contrasted with the Schwarzschild space, where the isometry group at spacelike
infinity is SO(3) x U(1). This illustrates the essential topological character of the magnetic
mass [22, 23].
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These invariances, in purely bosonic case, would correspond to conservation of the so-
called “relative electric charge” and the angular momentum [24-29]:

q=-U(i —2ncos6¢), (46)
j=rxp+2ngr. 47)
r
The first generalized Killing equation of (21) shows that for each Killing vector there is

an associated Killing scalar, and if we limit ourselves to variations (13) that terminate after
the terms linear in x*, the corresponding constants of motion would be of the form

J@ =B +mi"RY, (48)

which asserts that the Killing scalars B contribute to the “relative electric charge” and the
total angular momentum.
For the NUT-Taub space, we obtain
B® = VvS" + 20V cos0S? —nU sin6S%,
BWD = _2nV cosgcotf(1 + cosH)S"

1 9 1 . . . 0
+ EnU cos@cosf S — EnU singsinfS"? — rsinpS”
—cospcotf[(In?V +r) sin? @ 4+ 4n2V cos6(1 + cos0)]S"¢
+cosp[(r2 +n?)sin® 6 + 3n2U (1 — 2cos?0) — 2n2U cos0]5%%,

aB®
e

(49)
B® — _

1
B® = —2nV(l —2co0s0)S" — EnU sin@ S

3
+ |:r sin®6 — Tn?V cos? 6 — EnZV(l +4cos9)]sw
+sin0[(r2 +n?)cos® — 2n’U (1 — 3cos0)]S%,

where 2V = dU /dr. The conserved total angular momentum in the spinning case is given
by

J=B+j, J9=B"—4 (50)

with J=(JD, J®, J®)and B = (B, B®, B®). For the components of J, we obtain

JO =BD — (r2 4 n?)singd — (r2 4+ n?) cos 6 sin6 cos @ + 2ng sin b cos @,
J® =B + (> 4 n?) cos pf — (r? +n?) cos O'sin O sinpg + 2ng sinfsing, (1)
J® =B® 4 (r> 4+ n?)sin? 0¢ + 2nq cosb.

We obtain two interesting relations:

.1
JVsing — JPcosp=—rS? — (r> +n®)6 — 51U sinfS™, (52)
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JWsin@ cosp + JP sinfsing + J cosd
=—2nJ9 +2nV (2cos6 + sin*0) S
- %nzV cosBO[4cosB(cosO + 5) + 1315
+sin0[(r2 4+ n?) — n*U{1 +2cosH(3cosh — 2)}]5%. (53)
The four universal conserved charges, described in the previous section, are given by

1. The energy

1 1
E= =i+ (r +n?) (07 +sin* 097) — S -47; (54)

2. The supercharge
L, . 2, 240 ‘ 2, 2\ 2
0= Urt/f + (" +n)OY’ +qy¥’ —[2ncosfqg — (r” + n)sin” 0¢lyr?; (55)
3. The chiral charge
= +n®)sin0y Y Yy’ (56)
4. The dual supercharge
Q" = (> +n*)sin0G Y Yy’ — 0y Yoy’ + oy yoy' — iy o). (57)

Keeping in mind that y* is covariantly constant as formulated in (7), we obtain

. 2n*U 2nr . \%
Y= (r2+n cothh — — )W ( pe cosf¢ + mQ)Wr

2

|:n cos@(tanf 4 2coth)¢ + cot9q]1/r9

o2 == YNi -~ (ang +200t6 + Y cots ) W
— N COS —_— — — | — an CO —— CO .
r24+n? U r24+n?

U =[rU — (r+ nz)V](éW’ +sin 0@y?),

i 6 ré r 0 8
v :_rz—l——nzw r2+ 21/; + sinf cos O pyr?
n sin
o 2[(q+2nU0089<p)W—U901/f]

ré Y — [ cotp + M cosecs Al
1’2 + nZ }’2 + n2

rv 2n*U .
- —r2+n2+ 1+—r2+n2 cotfo (y¥.

We now turn to nongeneric SUSYs generated by the functions Q; of (30).
The Killing—Yano tensor f,,, for the metric (1) is given by

. nU -
llfw = ﬁ cosec 991& —
r n

1
3 fuvdx™ Adx" = ndr A (dt —2n,cos0dg) + rsin0dé A (r> +n*)dg. (59)
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For the vierbein e,,“(x) we have the following expressions:

1
e,’dx" = —/U(dt —2ncos6dy), e, dxt = ﬁdr,

(60)
e, rdxt =/ (r? +n?)do, e, 2dxt = /(r2 +n?)sin0de.
The components of f,,“(x) are given by
1
f£.0dx* = —ndr, fuldx* = —n/U(dt — 2ncos6dg),
’ VU 8 61)
fuldxt = —r/(r2 +n?)sin0dg, fildxt =ry/(r2 +n2)do.
From (29) the components of ¢, are obtained follows:
cor2 =0, co13 =0, co23 =0, i3 = —2VU. (62)

The new SUSY generator Q¢ given by (30) takes the following form for the NUT-Taub
space:
Q¢ = —ry/(r* +n)[2ngcosd — (r* +n*) sin® ¢ ]y*

2n? cos @ ) 2.3 .
————F—r(+n )‘/2sin99:|¢“’
G

n

JU

The Killing tensor, vector, and scalar are constructed from (33-35) and are given by

iy — gy’ ] — 2V Uy Yo ye. (63)

2
Ky 'Y = =% = g) + 120+ n) 07 + sin” 057), (64)
LT =/ (r2 +n2)U[rsin0S ¢ + (nS' +rS)6], (65)
2n
G=- Sirso%. 66
"2 n2 (66)

The new conserved charge is then given by
_1 wgv LG 6
Z_EK,“,H n+1,11" +G. (67)

The equations of this section are to be integrated for the trajectories of the particle in
terms of the usual coordinates {x*} and Grassmann coordinates {y/*}. These equations are
quite intricate and the general solution is by no means illuminating. We therefore discuss
special solutions in the next section for the motion on a cone and on a plane.

4 Special Solutions

We solve the equations derived in the previous section for special kind of motions of the
spin-1 particle in spinning space.
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4.1 Motion on a cone

We choose the z-axis along J. Then the motion of the particle may conveniently be described
in terms of polar coordinates

r=re(, ¢), e = (sinf cos ¢, sinf sing, cos ). (68)

For this choice of axis we have

: 1
(2 +n*)0 = —rS" — nU sinfS", (69)
b 2ng _ 2nV( +cosh) ., nt 0
(r2+n?cosf  (r2+n?)sin’0 2(r? +n?)sin6

1

- m[(%ZV +r)sin®0 + 4n2V cosO(1 + cos§)]S

3n?U 2n%U
(72 4+n?)cosfsinf  (r?+n?)sin

+ [tane + 5 (Bcos6 + 1)]59‘#. (70)

The equations of motion for the spin components when 6 = 0 are given by

. 2
oo rr 0 . 2” U . nq r
S __r2+n2S —|—sm9|:c059(1+r2+n2>(p+r2+n2:|5‘ﬂ
Usinf
_ m(psrf —[rU = (2 + n*)V1sin®0¢9S%,
r24+n?
Sro rv " . nq re
SW——r2+n2Sw—(COt@‘P‘i‘rz_'_—nzcosece)S s
0 — 2rF 09 rg o nUsing | 1
- r2 4 n2 r2 4 n2 r2+n2¢ >
cor r Vv . 01 r \% . 0
S ——<r2+—n2+U>TS —2n0059<m——’12—5)r5¢
, 2n2U \ | nq ot
+ sin@| cosf 1+r2+n2 (p+r2+n2 S 71)

n 2nr 06 + \% 50
———cos — ,
r2+n? ¢ Uzq

. 1%
$§" = [rU — (r* + n*)V]sin? ¢S — ﬁfS”

. 21’lq ro
—ncos6 (tan9+2cot9)<p+2—cosec€ S
r2+n?
Vv
—2ncosé .z 7S,
r2+n?> U
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o re - . nq 01

NG __r2+n2S — <cot9go+r2+—nzcose<:0>5
r \% . ot 2ncosf \%4 ro
ety )i et e )S

. 2ng
+ ncosé (tan9+200t9)<p+2—
r-+n

5 cosec 9:| so¢

Since we are looking for solutions with 6 = 0, we have from (69),

. nUsing
s+ M g, (72)
2r

This relation implies I, = 0.
Using (72) we can express ™ through S’¢. The system of equations (71) reduces to a
more tractable form

. rr 3n2U
Sre ST — St(p,
+ r24+n? 2r(r? +n?) a
. 2rr 3n2U
N4 S0 = — tan9S'?,
+ r2 +7l2 (r2 +n2)2q
. r %
SGt o ‘SGI
+ <r2 +n? + U)r
r \% nV 3n 6n’U (73)
_ N :
= —2}’1 COSQ(m — 5)7‘5‘ ¢ — Sln9<m + rz +n2 + (}"2 +n2)2>qst¢7
S”+V'S” 2n.cos 6 U— (24 mdyV n?U a6 3n*U g0
—rS'=————|(rU —(r — — |Jtan“ 60 — ——
U 2+ n? n > 5 |4
%
—2ncosf _r__Z 7S,
r2+n? U
A particular solution may be found, if one chooses g = 0, in the form
r 0.
oo CT g €
Vr24n? r:+n?
C9t C9<p
S = +ncos ——,
VU@ +n?) re+n
) 74)
. rt N 0 Cre
S = — 4+ncos) ———,
VU Vr? +n?
CrH Cl¢
Sr9 — St(p —

N VU@ +n2)

where C*¥ are Grassmann constants. The case of choice S’¢ = 0 is included into the case
q=0.
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The constraint Q = 0 (see (25)) enables one to solve for v/ in terms of the spatial com-
ponents 1. As a result, it gives I, = Q* = 0. For the spin components we have

PS¢ =—qUS"™,  ¢S" =[2ncosfq — (r> +n?)sin?0¢]S",

(75)
i8S = —U[2ncosOq — (r> + n?)sin® 09187 4+ qU S%".
The condition Q = 0 modifies drastically the form of the solutions.

In spite of the complexity of the equations, we have a simple exact solution for the com-
ponents of the spin-tensor:

o
Sv — X 76
r2+n? (76)
For the equations of motion we obtain
. . q
t=2 0p — —,
ncosfp — -
cr
qg=-JO +nUsind ———,
. 1 2ng  2n*U(2 —cosf —4cos>6) o , SN oo,
r2+n?| cosf (r2 +n?)siné cos 6 cosf

7 ={U2E — (r* 4+ n?) sin® ¢2] + g2}/2.
4.2 Motion on a plane

Planar motion for spinning particles happen only in two kinds of situations: (i) the orbital
angular momentum vanishes, or (ii) spin and orbital angular momentum are parallel.

For the plane we consider 6 = /2. Then the equations of motion for the spin compo-
nents become

e _ T e g o nu_ .., 2 0 2\ 0
S =S S T S U A VIgsT,
Sr(p I r re nq r9’
r2+n2 r2+n2
. 2rr rg nU
SH(p —— SG(p Sr9 _ . Stw’
r2+n2 + r2+n2 r2+n2¢) (78)
. r V. nq Vv .
SGZ —— . Sﬂt Set . S)O’
(r2+n2+U)r —i_rz—l—n2 T
. \%
1= 1rU = (P VIS — SiST,
. r V. \% re nq
SOt — [ —— _ X4 g8t — St SQt.
<r2+n2+U>r +U2q r2 4 n? r2 4+ n?
From (52) and (53) we obtain
1
rS’e = —EHUSW,
(79)

1
q=—=— @2 +n>+nU)S%.
2n
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Case (i). The solution describes a particle moving along a fixed radius, for which ¢ = 0.
We obtain

r 0
STY — L7 S — i’
NEE R
CG! Crt
SGI = Srt — , 80
UG+ ) Jo (80
i

The SUSY constraint Q = 0 gives a nenule spin component

81
In this case the orbit of the particle is described by

F={2UE +4*}',
Op

1 C
(42 2 2
q= m (r +n“+n U)r2+n27 (82)

100 c%
r=—1{J U .
U( o r2+n2>

Case (ii). The concerned motion is for ¢ # 0. From Q = 0 we obtain

%S’e =-JOs%, lr];s” =—-JOs. (83)

Interestingly, even in this case a spin component is nenule:

S0 = . (84)

For the orbit of the particle we have

F={2UE - U(r* +n*)¢* +¢q*}'/2,

1 ( 2 + 2 + ZU) o
=——(0"+n n ,
9 2n r24+n?
1 co (85)
)= J® +2n2U ,
¢ r2+n2( ten r2 +n?

L ol
t=—|(J U .
U( tn r2+n2>

5 Concluding Remarks

The spinning particle model is a worldline supersymmetric extension of the theory of a
scalar particle. It describes a relativistic particle with spin-%.
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The main concern of our study has been the motion of pseudo-classical spinning parti-
cles in the NUT-Taub space. The supersymmetric extension of this space admits fermionic
symmetries along with four standard SUSYs. The appearance of these nongeneric SUSYs
are closely related to the existence of Killing—Yano tensors [6].

In spite of the complexity of the equations, we are able to present special solutions for
the motion on a cone and on a plane. The supersymmetric constraint Q = 0 (25) plays a
very important role for the forms of solutions.

The results we obtain show spin dependence of the time dilation and of the orbits of the
particles in a gravitational field. This leads to the existence of a gravitational analogue of the
Stern-Gerlach-type forces well known to appear in electromagnetic phenomena.

Although the Killing tensor K, given in (64) defines a constant of motion (directly)
for spinless particles in the NUT-Taub space, it requires for spinning particles the nontrivial
contributions from spin which involve Killing vector and Killing scalar computed in (65)
and (66).

The NUT-Taub space is the Schwarzschild space generalized with NUT or magnetic
monopole parameter n. The monopole hypothesis was propounded by Dirac relatively long
ago. The ingenious suggestion by Dirac that magnetic monopole does exist in nature was
neglected because of the failure to identify such thing. In recent years, however, the develop-
ment of gauge theories has shed new light on it. The result of this paper is interesting in view
of this consideration. With n = 0 our result reduces to that of the Schwarzschild space [8].

Supersymmetry/supergravity is relevant in the fundamental theory of particle interac-
tions. It is thus not inconceivable that nature might make some use of it. In regard to this,
the study of the geometry of graded pseudo-manifolds with both real number and anticom-
muting variables is well justified.
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